In this paper, we give a characterization of a group G which contains a semiregular relative difference set R relative to a central subgroup N containing the commutator subgroup [G, G] of G such that 1 ∈ R and rRr = R for all r ∈ R. In particular, these relative difference sets are fixed by inversion and inner automorphisms of the group are multipliers. We also present a construction of such relative difference sets.
Introduction
Let G be a finite group. A subset R ⊂ G is called a relative difference set relative to a subgroup N < G if there exists a constant such that (i) for every element g ∈ G\N , there are exactly pairs of elements r 1 , r 2 ∈ R such that g = r 1 r −1 2 ; (ii) for every g ∈ N\{1}, there exist no elements r 1 , r 2 ∈ R such that g = r 1 r −1
.
A relative difference set R is said to be fixed by inversion, or reversible when G is abelian, if R = R (−1) := {r −1 |r ∈ R}. In the case where N has order n, G has order mn, and R has size k, the relative difference set R is called an (m, n, k, )-relative difference set. If k = m, the relative difference set is said to be semiregular. The subgroup N is called forbidden subgroup. An (m, n, k, )-relative difference set in a group G gives rise to an (m, n, k, )-divisible design on which the group G acts regularly and transitively. The forbidden subgroup is the stabiliser of a point class of the design. An automorphism ∈ Aut(G) of the group G is called a multiplier of the relative difference set R contained in G if there is an element g ∈ G such that (R) := { (r)|r ∈ R} = {g r|r ∈ R}.
Multipliers induce automorphisms of the divisible design obtained from the relative difference set. for any integer t ∈ Z. With these group ring notations, a subset R of G is an (m, n, k, )-relative difference set in G relative to a subgroup N of G if and only if
and R is fixed by inversion if and only if R = R (−1) . An automorphism ∈ Aut(G) is a multiplier if and only if (R) = g R for some g ∈ G.
Relative difference sets fixed by inversion have been investigated by Arasu et al. [1] , Leung and Ma [7] and Ma [9] . In the first paper of this sequence [4] , we discovered a (30, 2, 29, 14)-relative difference set fixed by inversion in the alternating group A 5 and established connection between relative difference sets fixed by inversion and distance regular graphs, while in the second one [3] , we constructed a family of reversible relative difference sets with forbidden subgroup N Z 4 and strengthened the results in [9] . In this paper, we continue our investigation of these relative difference sets using the theory of orthogonal cocycles developed in [11] .
Let H be a finite group ( written multiplicatively ) and N a finite abelian group ( written additively ). Let : H ×H → N be a map. Then the set N × H equipped with the binary operation
for all (x 1 , y 1 ), (x 2 , y 2 ) ∈ N × H forms a group, which we denote by E (N, H, ) , if and only if the map satisfies
A map satisfying (1) is called a 2-cocycle of H with coefficients in N (see [2] ). Since we are not interested in cocycles in any other dimensions, we will simply call these maps cocycles. If is a cocycle, then the group N can be embedded in the center of E(N, H, ) by
On the other hand, if an abelian N can be embedded into the center of a given group G via an embedding i : N → G and G/ i(N )H , then any transversal function : H → G (so that • = 1 H , where : G → H is the natural projection) gives rise to a cocycle
and the group G is isomorphic to E(N, H, ). The simplest cocycles of H with coefficients in N are given as follows. Let : H → N be a map. Then the map 
is a coboundary. The structures of the groups obtained from these simple cocycles are also quite simple. In fact, the group E (N, H, 
When is a cocycle of H with coefficients in N, we define its transpose to be
Note that is usually not a cocycle. However, if H is abelian, then is also a cocycle if is. A cocycle is said to be symmetric if = and skew symmetric if + = 0 and (x, x) = 0 for all x ∈ H . Note that when |N | is odd, condition + = 0 implies (x, x) = 0. The following lemma is easy to verify.
Lemma 1.1. The group E(N, H, ) is abelian if and only if H is abelian and is symmetric.
Let H be a group of order m and N an abelian group of order n such that n|m. A cocycle : H × H → N is said to be orthogonal if, for each h ∈ H \{1} and each x ∈ N , the number of elements g ∈ H such that (h, g) = x is m/n. This is equivalent to
for all h ∈ H \{1}. The following theorem of [11] shows that orthogonal cocycles are essentially semiregular relative difference sets. [11] Remark. If R is a such relative difference set and r ∈ R, then r 2 = r · 1 · r ∈ R. Inductively, we can see that r n ∈ R for all integers n and all r ∈ R. Hence these relative difference sets are necessarily fixed by inversion. Also, it is clear that when G is non-abelian, all inner automorphisms of G are multipliers of R. It should be noted that the conditions 1 ∈ R and rRr = R for all r ∈ R are much stronger than R = R (−1) . There are examples of relative difference sets fixed by inversion in [4, 3, 7] which do not have these properties. The rest of the paper is organized as follows. In Section 2, we discuss multiplicative cocycles and skew symmetric cocycles. The connection between orthogonal cocycles and generalized Hadamard matrices is also discussed. The proofs of Theorems 1.3 and 1.4 are presented in Section 3.
Theorem 1.2 (Perera and Horadam
(1) the set R = { (x)|x ∈ G/N } is an (m, n, m, m/n)-relative difference set in G relative to N,(2)
Multiplicative cocycles and skew symmetric cocycles
Let H be a finite group and N a finite abelian group. A cocycle of H with coefficients in N is called a multiplicative cocycle if for every h ∈ H , the maps (h, ) : H → N and ( , h) : H → N are group homomorphisms. That is for every x, y, z ∈ H , one has
By the definition of orthogonal cocycle, it is easy to see that:
Lemma 2.1. A multiplicative cocycle of H with coefficients in N is orthogonal if and only if for every h ∈ H \{1}, the map (h, ) : H → N is onto.
Therefore it is relatively easy to obtain orthogonal cocycles from multiplicative ones, and hence semiregular relative difference sets by Theorem 1.2. However, there are only very restricted families of groups of H and N that provide multiplicative orthogonal cocycles.
Lemma 2.2. If : H × H → N is a multiplicative orthogonal cocycle, then H and N are elementary abelian p-groups for some prime p.
Proof. We only need to show that H is an elementary abelian p-group as N is a homomorphic image of H. Note that if f : N → N is a surjective homomorphism from N to another abelian group N , then f • is a multiplicative orthogonal cocycle with coefficients in N whenever is a multiplicative orthogonal cocycle. Hence, we may assume that NZ/pZ for some prime p. Now if H is not elementary abelian, then there is an element x = 1 such that x ∈ [H, H ] or x = y p in H for some y ∈ H . Clearly x lies in the kernel of all homomorphisms ( ,h) : H → N as NZ/pZ, and this contradicts the fact that is orthogonal.
We now take a close look at these multiplicative orthogonal cocycles. Let H and N be two elementary abelian pgroups, where p is a prime. Suppose |H | = p m and |N | = p n . Then H and N can be viewed as m and n dimensional vector spaces over the finite field F p = Z/pZ, respectively, that is we can assume
If is a multiplicative cocycle of H with coefficients in N, then there are n multiplicative cocycles 1 , 2 , . . . , n of H with coefficients in F p such that
for all x, y ∈ H . It is clear that each i is simply a bilinear form over F p , and there is an m × m matrix M i over F p , such that i (x, y) = xM i y for all x, y ∈ H and i = 1, 2, . . . , n.
Lemma 2.3. is a multiplicative orthogonal cocycle of H with coefficients in N if and only if for any
is a multiplicative orthogonal cocycle of H with coefficients in the finite field F p , and, by Lemma 2.1, the matrix n k=1 z k M k is non-singular. Conversely, let x ∈ H be a non-zero vector and define
Therefore M has rank n and the linear map
is surjective. By Lemma 2.1, is orthogonal.
Remark.
A similar version of Lemma 2.3 is proved in [10] .
We now turn our attention to skew symmetric cocycles. Recall that a cocycle of H with coefficients in N is skew symmetric if + = 0 and (x, x) = 0 for all x ∈ H . More interestingly, if the relative difference set obtained from is fixed by inversion, then we can produce a skew symmetric generalized Hadamard matrix from by reversing the labelling of its rows or columns.
Proposition 2.7. If there exists an (m, n, m, m/n)-relative difference set fixed by inversion in a group G relative to a subgroup N of G which is contained in the center of G, then there exists an m × m skew symmetric generalized Hadamard matrix with entries in N.
Proof. Let R be a central (m, n, m, m/n)-relative difference set fixed by inversion in G relative to N and let H =G/N . By Theorem 1.2, the cocycle of H with coefficients in N is orthogonal, where is the transversal function corresponding to R. Since R = { (x)|x ∈ H } and R −1 = {(− (x, x −1 )) (x −1 )|x ∈ H } = R, one has (x, x −1 ) = 0 for all x ∈ H . From (1), one has
for all g, h ∈ H . Hence (g, h −1 ) + (h, g −1 ) = 0 for all g, h ∈ H and the matrix M = [ (g, h)] (g,h −1 )∈H ×H is a skew symmetric generalized Hadamard matrix.
Proof of Theorems 1.3 and 1.4
We first recall some basic knowledge concerning special p-groups. See [15] for details. Let G be a group. An element g ∈ G is said to be a non-generator of G if for any subset X of G, the group G = X whenever G = g, X . The set of non-generators of G forms a subgroup, called the Frattini subgroup, of G and is denoted by (G). It is the intersection of all proper maximum subgroups of G. A finite p-group G is called a special p-group if
The Frattini subgroup of a finite p-group G can be characterized as the smallest normal subgroup N of G such that G/N is an elementary abelian p-group. In the case of special p-groups, the Frattini subgroups are always elementary abelian p-groups.
Before we prove the main results of this paper, we need the following lemmas for preparation.
Caution of notations
In this section, any central subgroup N of a group G is understood to be embedded in G, i.e. there is an embedding i : N → G. We will continue to use additive notations for N and cocycles with coefficients in N and multiplicative notations for G and G/N without mentioning the embedding i and its inverse i −1 .
In the first lemma, we define a cocycle G N which plays an important role in the subsequent lemmas.
Lemma 3.1. Let G be a finite group and N a subgroup of G such that [G, G] N Z(G). Let : G/N → G be a transversal function. Then
is a skew symmetric multiplicative cocycle of G/N with coefficients in N. Furthermore, for any transversal function
Proof. Clearly, G N = − and therefore G N is a skew symmetric cocycle. For any x, y, z ∈ G/N ,
for all x, y, z ∈ G/N and G N is multiplicative. Finally, we know that − is a coboundary. Therefore
The next lemma shows that in the case of special p-groups, the orthogonality of G N is related to the number of conjugacy classes in G.
Lemma 3.2. A special p-group G has at least |Z(G)| + |G/Z(G)| − 1 conjugacy classes. It has exactly |Z(G)| + |G/Z(G)| − 1 conjugacy classes if and only if the cocycle G Z(G) is orthogonal.
Proof. Let : G → G/Z(G) be the natural projection from G to G/Z(G) and G Z(G) the cocycle defined in Lemma 3.1. For any element g ∈ G, if another element g ∈ G is conjugate to g, then g = g when g ∈ Z(G), or g = hgh (g), ) :
is orthogonal. Conversely, by Lemma 2.1, the coset Z(G)g forms a conjugacy class containing g for every g ∈ G\Z(G). Therefore G has |Z(G)| + |G/Z(G)| − 1 conjugacy classes.
Remark. Special p-groups G with exactly |Z(G)| + |G/Z(G)| − 1 conjugacy classes are studied in [10] . They are p-groups of Frobenius type.
The next lemma characterizes all special p-groups of which the group extensions by their centers are given by the cocycles G N . We say that a cocycle is non-degenerated if (x, y) = 0 for all y implies x = 1 and (x, y) = 0 for all x implies y = 1.
Lemma 3.3. Let p be an odd prime and G a p-group such that (G) is an elementary abelian p-group and (G) Z(G).

The group G is a special p-group of exponent p if and only if there is an elementary abelian subgroup N of G such that (G) N Z(G) and a transversal function : G/N → G such that the cocycle is skew symmetric, nondegenerated and onto.
Proof. If is skew symmetric, and hence multiplicative by Lemma 2.4 as p is odd, one has (x, x k ) = k (x, x) = 0 for all x ∈ G/N and all integers k . By induction, we have ( (x)) k = (x k ) and ( (x)) p = (x p ) = 1 for all x ∈ G/N . Since every element in G is the product of an element in the subgroup N of G and an element (x) for some x ∈ G/N and the exponent of N is p, the exponent of G must be p. By Lemma 3.1, G N = 2 is non-degenerated and onto. The
Conversely, suppose G is a special p-group of exponent p. Let N = Z(G) and : G/N → G be a transversal function. Then for any x ∈ G/N , the fact that (x) p = 1 is equivalent to
Since p is odd, we can define
Clearly, is a cocycle as G/N is abelian and also has the property that
This ensures that the group E(N, G/N, ) has exponent p. Furthermore, is symmetric, which, by Lemma 1.
ensures that the group E(N, G/N, ) is abelian. This implies that E(N, G/N, ) is elementary abelian and E(N, G/N, ) N × (G/N ). Therefore is a coboundary and there is a map : (G/N ) → N such that (x, y) = (x) + (y) − (xy).
Now we define a transversal function
The cocycle
is skew symmetric. By Lemma 3.1, the fact that N = Z(G) is equivalent to the non-degeneracy of G N = 2 , and hence, of , while N = [G, G] is equivalent to the surjectivity of G N = 2 and of .
Remark. All skew symmetric orthogonal cocycles are non-degenerated and onto.
Lemma 3.4. Let G be a finite group such that [G, G] Z(G) and N a subgroup of G such that [G, G] N Z(G).
If G contains a semiregular relative difference set R relative to N such that 1 ∈ R and rRr = R for all r ∈ R, then the cocycle of the transversal function : G/N → G obtained from R such that R = { (x)|x ∈ G/N } is a skew symmetric orthogonal cocycle and
for all x, y ∈ G/N .
Proof. By Theorem 1.2, is orthogonal. Since 1 ∈ R and rRr = R for all r ∈ R, one has
Since R is a transversal of G with respect to N, we have (x) 2 = (x 2 ) and (x, x) = 0 for all x ∈ G/N . From rRr = R for all r ∈ R, we have
Because R is a transversal of G with respect to N, we get
Also, for any x, y ∈ G/N , we have (y) 2 ∈ R and (x) (y)
Since (xy) 2 ∈ R, one has (x, y) + (y, x) = 0 and hence is skew symmetric. We now prove Theorem 1.3. 
By the orthogonality of , x 2 = 1 for all x ∈ G/N . Now we have shown that both N and G/N are elementary abelian 2-groups, therefore GN × G/N is also an elementary abelian 2-group. Conversely, by the construction of [7] , every elementary abelian 2-group G contains a semiregular relative difference set R relative to a subgroup N of G provided that |N| 3 |G| and |G/N | a perfect square. By translation, we can easily make 1 ∈ R and it is trivial that rRr = R for all r ∈ R since G is elementary abelian 2-group. If p is an odd prime and G is special p-group of exponent p with |Z(G) + |G/Z(G)| − 1 conjugacy classes, then by Lemma 3.2, the cocycle G Z(G) is orthogonal, and by Lemma 3.3, there is a transversal function : G/Z(G) → G such that is skew symmetric. By Lemma 3.1, the cocycle =
} is a relative difference set in G relative to Z(G) and 1 ∈ R. Moreover, since is skew symmetric and |Z(G)| is odd, one has (x, x)=1/2( (x, x)+ (x, x))=0 for all x ∈ G/Z(G). Also it follows from Lemma 2.4 that is multiplicative. Hence
for all x, y ∈ G/Z(G). Therefore rRr = R for all r ∈ R. Finally, if |G| is odd and R 1 and R 2 are two such semiregular relative difference sets relative to N, then two cocycles We end this paper with the proof of Theorem 1.4. The construction of these relative difference sets and orthogonal cocycles could also be found in [5] in terms of distance regular graphs and [10] in terms of p-groups of Frobenius type. It is easy to verify that is a cocycle of H with coefficients in N. Suppose (g 1 , h 1 ((g 1 , h 1 ), (g, h) Conversely, the results of [1, 9] 
